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Abstract: An approximated hardness kernel, which includes the second derivative with respect to the density of the

kinetic energy, the electron–electron coulomb repulsion, and the exchange density functionals, has been tested for the

calculation of the global hardness. The results obtained for a series of 40 cations and neutral systems and 16 anions

represent in most cases an improvement of the results obtained using the HOMO-LUMO gap approach and indicate

the viability of this approach to evaluate global hardness. In addition, the relevance of the Fukui function approxima-

tion and the role of the three components of the hardness kernel in the evaluation of the global hardness have been an-

alyzed.
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Introduction

Density functional theory (DFT) has revolutionized the theoreti-

cal study of chemical reactivity in many areas, varying from inor-

ganic to organic chemistry and from materials science to bio-

chemistry.1,2 An important branch of the DFT has been developed

since the late 1970s and early 1980s, called conceptual DFT2–5

by its protagonist, R. G. Parr. On the basis of the idea that the

electron density is the fundamental quantity for describing atomic

and molecular ground states, Parr and coworkers were able to

give sharp definitions for chemical concepts which were already

known and had been in use for many years in various branches of

chemistry (e.g., electronegativity and chemical hardness), allow-

ing for their calculation and quantitative use.2

The central quantities of conceptual DFT are the response

functions. These functions are the response of the chemical sys-

tem to perturbations in its number of electrons, N, and/or the

external potential, vðr*Þ, which is the potential acting on an elec-

tron at position r* due to the nuclear attraction plus other external

forces that may be present. Assuming differentiability of the elec-

tronic energy, E, with respect to N and vðr*Þ, a series of response

functions emerge, probably the most important being the elec-

tronic chemical potential, �,6 the hardness, �,7 and the Fukui

function, f ð~rÞ.8 It is worth noticing that the properties obtained

from differentiation with respect to N have a global character

(describe the characteristic of a molecule as a whole, e.g., �),
whereas differentiation with respect to vð r*Þ introduces a local

character to the property (establishing the regioselectivity aspects

of molecular reactivity, e.g., f ð~rÞ). Associated with these proper-

ties, important chemical reactivity principles have been rational-

ized within the framework of conceptual DFT like the hard and

soft acids and bases principle,9–13 the Sanderson electronegativity

equalization principle,14,15 the maximum hardness principle,9,16–19

and the minimum polarizability principle.20
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A fundamental problem arises when evaluating properties like

� and f ð~rÞ, as they involve differentiation of the energy and elec-

tron density with respect to the number of electrons of the system

(necessarily an integer number for isolated atoms, molecules,

etc.).21–23 The larger part of the research devoted to these proper-

ties has been carried out within the finite difference approach.4,5

This approach may bring about difficulties that might be quite im-

portant when adding and/or subtracting one electron leads to met-

astable species. For this reason, it is very important to explore

new ways to compute more accurately these chemical reactivity

indexes.19,24–29 An alternative methodology is to evaluate the

hardness starting from the second functional derivative of the

Hohenberg–Kohn universal density functional, F½�ð~r Þ�, with

respect to the density, i.e., the hardness kernel, �ð~r;~r 0Þ.30,31 There
have been few attempts of exploring this avenue. So far, it has

been only applied either to atoms32–36 or to molecules37,38 with

highly simplified models for the hardness kernel. Particular atten-

tion should be given to the study of Liu et al.,32 who have shown

that the simple model for the hardness kernel

�ð~r;~r 0Þ ffi 1=k~r �~r 0k þ C, where C is a constant, generates good

results for the global hardness of neutral atoms (Z ¼ 1 ? 54). To

our knowledge, the only � values for molecules reported in the

literature starting from hardness kernels have been reported by

some of the present authors37,38 using as approximated hardness

kernels 1=k~r �~r 0k and �ð~r;~r 0Þ. Finally, Ayers39 proposed an

interesting external-potential-based hardness kernel, which, how-

ever, as far as we know, has never been tested yet.

This work is the first attempt to implement and evaluate the

global hardness for polyatomic molecules using a hardness ker-

nel, which includes the second derivative with respect to the

density of the kinetic energy, T½�ð~rÞ�, the electron–electron cou-

lomb repulsion, J½�ð~rÞ�, and the exchange density functionals,

Ex½�ð~rÞ�.

Theoretical Background

The response functions can be split into three groups: global,

local, and nonlocal reactivity indices. Examples of global reactiv-

ity indices are � and �

� ¼ @E

@N

� �
vðrÞ

(1)

and

� ¼ @2E

@N2

� �
vðrÞ

¼ @�

@N

� �
vðrÞ

: (2)

The electronic chemical potential characterizes the escaping

tendency of electrons from the molecular system while the global

hardness represents the resistance of a chemical species to change

its electronic configuration.2,9 Applying the finite difference

approximation and Koopmans’ theorem,40 one obtains the opera-

tional equations for � and �

�1 ¼ � 1

2
ðI þ AÞ; (3)

�2 ¼ 1

2
ð"HOMO þ "LUMOÞ; (4)

�1 ¼ I � A; and (5)

�2 ¼ "LUMO � "HOMO; (6)

where I and A are the first vertical ionization potential and elec-

tron affinity of the neutral molecule, respectively, and "LUMO and

"HOMO are the energies of the lowest unoccupied and the highest

occupied molecular orbitals, respectively.

On the other hand, the Fukui function, f ð~rÞ,8 and the local

hardness, �ð~rÞ,41,42 are local reactivity indices, which have

become very useful predicting the regioselectivity of chemical

reactions.43–47 The Fukui function is a normalized function that

describes the local variation in the electron density of the system

due to a change in the global number of electrons

f ð~rÞ ¼ @2E

@N�vð~rÞ
� �

¼ @�ð~rÞ
@N

� �
vðrÞ

: (7)

The evaluation of this property is also affected by the techni-

cal problem of a differentiation with respect to an integer, and

some authors approximate it as simply �ð~rÞ=N.24,35,48,49 Alterna-

tively, Parr and Yang have defined the left ðf�ð~rÞÞ, right ðfþð~rÞÞ,
and central ðf 0ð~rÞÞ derivatives of eq. (7)8. Applying a finite differ-

ence approximation and the frontier-electron theory of reactivity,

these three Fukui approximations can be written as

fþð~rÞ ffi �Nþ1ð~rÞ � �Nð~rÞ ffi �LUMOð~rÞ; (8)

f�ð~rÞ ffi �Nð~rÞ � �N�1ð~rÞ ffi �HOMOð~rÞ; and (9)

f 0ð~rÞ ffi 1

2
½�Nþ1ð~rÞ � �N�1ð~rÞ� ffi 1

2
½�LUMOð~rÞ þ �HOMOð~rÞ�: (10)

The local hardness, �ð~rÞ, is the local counterpart of the global

hardness and its analytical definition was first proposed by Ghosh

and Berkowiz as41

�ð~rÞ ¼ ��

��ð~rÞ
� �

vðrÞ
: (11)

It can be connected with � through the subsequent chain rule

� ¼ @�

@N

� �
vðrÞ

¼
Z

��

��ð~rÞ
� �

vðrÞ

@�ð~rÞ
@N

� �
vðrÞ

d~r ¼
Z

�ð~rÞf ð~rÞd~r: ð12Þ

Last but not least, the hardness kernel30,31 represents an exam-

ple of a nonlocal reactivity index, and it is simply defined as

�ð~r;~r 0Þ ¼ �2F �ð~rÞ½ �
��ð~rÞ��ð~r 0Þ ; (13)

where F½�ð~rÞ� stands for the exact form of the Hohenberg–Kohn

universal density functional. Since the exact functional is unknown,

approximations are necessary for practical calculations, this being
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the major drawback of this methodology. The hardness kernel is

connected to the local and global hardness through the Fukui func-

tion by the following equations

�ð~r Þ ¼
Z

�ð~r;~r 0Þf ð~r 0Þd~r 0; and (14)

� ¼
Z

�ð~r Þf ð~r Þd~r: (15)

As has been argued, the dependence between the density and

the external potential in the definition of local hardness [eq. (11)]

and the replacement of the Fukui function by other functions,

which integrate to unity, have cast some doubts about the correct

definition of these reactivity indexes.19,30,34,47,50,51 For instance,

Harbola et al.50 proposed that �ð~rÞ is constant and equal to the

global hardness in all the positions of the space. According to our

opinion, the local hardness and its relation with the hardness ker-

nel is still one of the most vexing yet fascinating problems in the

field of conceptual DFT. Additional work on this subject is pres-

ently in progress in our laboratory.

Hence, it is possible to calculate the local and global hardnesses

from the hardness kernel and the Fukui function. Considering the

Thomas–Fermi,52,53 and Dirac54 approximations for the kinetic and

exchange energies, respectively, F½�ð~rÞ� can be approximated as

F½�ð~r Þ� ffi 1

2

Z Z
�ð~r Þ�ð~r 0Þ
~r �~r 0j j d~rd~r 0 þ CT

Z
�5=3ð~r Þd~r

� CX

Z
�4=3ð~r Þd~r; ð16Þ

where CT ¼ (3/10)(3�2)2/3 and CX ¼ (3/4)(3/�)1/3. Then, an ana-

lytical expression for the hardness kernel can be obtained by deri-

vation of each term of the previous expression twice with respect

to the electron density

�ð~r;~r 0Þ ffi 10

9
CT�ð~r Þ�1=3 � 4

9
CX�ð~r Þ�2=3

� �
�ð~r �~r 0Þ

þ 1

~r �~r 0k k : ð17Þ

One of the problems of the Thomas–Fermi theory is the non-

binding theorem, which states that in the Thomas–Fermi model

molecular systems are unstable relative to dissociation into con-

stituent fragments.55–57 However, in the present work we have

applied the Thomas–Fermi model to the electron densities

obtained with the B3LYP method. More involved expressions

for the exact kinetic energy, exchange, and correlation function-

als exist and could be used, too. However, as it was shown by

different authors,32,34,49 the main contribution to the global

hardness comes from the Coulomb term. Hence, we believe that

the use of more sophisticated kinetic58 and exchange-correlation

functionals59–61 will probably not change meaningfully our

global hardness values.

Now, approximate expressions for the Fukui function are nec-

essary. A crude model, sometimes used in the literature consist of

using the density per particle function, �ð~rÞ=N. In this case, from

eqs. (14), (15), and (17), simple analytical equations for global

and local hardnesses that only depend on �ð~rÞ are obtained,

�ð~r Þ ffi 1

N

10

9
CT�ð~r Þ2=3 � 4

9
CX�ð~r Þ1=3 þ

Z
�ð~r 0 Þ
~r �~r 0k k d~r

0
� �

and

ð18Þ

� ffi 1

N2

"
10

9
CT

Z
�ð~rÞ5=3d~r � 4

9
CX

Z
�ð~rÞ4=3d~r

þ
ZZ

�ð~rÞ�ð~r 0Þ
~r �~r 0k k d~rd~r 0

#
: ð19Þ

The global hardness can be written in a more compact way as

�½�ð~rÞ=N� ffi �T ½�ð~rÞ=N� þ �X½�ð~rÞ=N� þ �J ½�ð~rÞ=N�; (20)

where the expression between brackets is the approximation used

to evaluate the Fukui function.

A more elaborated approximation for the Fukui function based
on the frontier-electron theory is given by the density of the
HOMO orbital, �HOMOð~rÞ. Following the same procedure but

using the latter approximation to the Fukui function, one gets

�ð~r Þ ffi 10

9
CT�HOMOð~r Þ�ð~r Þ�1=3 � 4

9
CX�HOMOð~r Þ�ð~r Þ�2=3

þ
Z

�HOMOð~r 0 Þ
~r �~r 0k k d~r 0 ð21Þ

and

�ffi 10

9
CT

Z
�HOMO

2ð~r Þ�ð~r Þ�1=3d~r�4

9
CX

Z
�HOMO

2ð~r Þ�ð~rÞ�2=3d~r

þ
Z Z

�HOMOð~rÞ�HOMOð~r 0Þ
~r�~r 0k k d~rd~r 0; ð22Þ

or, more compactly

�½�HOMOð~r Þ� ffi �T ½�HOMOð~r Þ�þ�X½�HOMOð~r Þ�þ�J ½�HOMOð~r Þ�:
ð23Þ

Likewise, it is possible to obtain similar expressions for the
local and global hardnesses using �LUMOð~rÞ and 1=2ð�HOMOð~rÞþ
�LUMOð~rÞÞ as approximations to the Fukui function.

An alternative way to express the Hohenberg–Kohn universal den-

sity functional is the independent particle approximation, where the

exchange-correlation energy contains part of the kinetic energy. In that

framework, the only terms that would contribute to the hardness are

the coulombic and the exchange-correlation ones, because the contribu-

tion of the noninteracting kinetic energy to the hardness is null.34,62

The aim of this work is to examine the validity of eqs. (19) and

(22) to calculate the global hardness and to analyze the importance

of the three terms (kinetic, exchange, and coulombic) in the evalu-

ation of �.
The corresponding 3D and 6D integrations have been evaluated

using the Becke multicenter numerical integration scheme,63 which

encompasses a decomposition of the 3D space using ‘‘fuzzy’’ Voro-

noi polyhedra. This decomposition is similar to the successful and

basis set independent ‘‘stockholders’’ scheme used by Hirshfeld64

for calculating effective atomic charges in molecules. This molecu-

lar partitioning of space in eq. (15) leads to atomic or condensed
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hardnesses, the sum of all giving the global hardness. In contrast to

the traditional methods to evaluate the hardness [eqs. (5) and (6)],

the present methodology yields information about the local (atomic

or condensed hardness) and global (molecular hardness) reactivity

at the same time. In this work, we have only focused on the global

hardness and its behavior as compared with the traditional methods,

whereas in near future work the features of the condensed hardness

and their possible applications in reactivity will be highlighted.

Computational Details

For the evaluation of the different integrals required in eqs. (19)

and (22) we have implemented Becke’s method of multicenter

numerical integration,63 in a program for which the only input is

a formatted checkpoint file obtained from Gaussian 03 package.65

This method decomposes the integration of a function Fð~rÞ
over the 3D space into a sum of integrations over single-atom

components using a weight function, wnð~rÞ, for nucleus n in the

system at every point of the space~r in such a way thatX
n

wnð~rÞ ¼ 1: (24)

In this scheme the numerical integration of a quantity I is deter-
mined as a sum of atomic contributions, In

I ffi
X
n

In ¼
X
n

Z
wnð~rÞFð~rÞd~r; (25)

where wnð~rÞ has the value 1 in the vicinity of its own nucleus, but

vanishes in a continuous and well-behaved manner near any other

nucleus, resulting in the so-called ‘‘fuzzy’’ atoms. The wnð~rÞ used

in this work are the fuzzy Voronoi polyhedra proposed by Becke,

taking into account the Bragg–Slater radius66 and the Becke’s rec-

ipe63 suggesting to increase the radius of hydrogen to 0.35 Å. Each

atom is integrated using Chebyshev’s integration for the radial part

and Lebedev’s quadrature67 for the angular part. The routine for

the Lebedev quadrature has been downloaded from ref. 68.

Under the approximation of eq. (19), the two-electron contri-

bution of the hardness kernel to the global hardness is simply

twice the coulombic electron–electron repulsion divided by N2. In

the case of eq. (22), it can be obtained also analytically by a four-

index transformation of the two-electron integrals over the atomic

orbitals. We have used a modified version of the HONDO pack-

age69 to obtain the two-electron integrals necessary to compute

the coulomb contribution analytically. However, the program

uses a nondirect algorithm and it has an internal limitation on the

number of basis functions (255 maximum). In the light of this,

we have decided to compute both the one- and two-electron con-

tributions by numerical integration using Becke’s scheme.63 With

a grid consisting of 40 radial and 146 angular points for each

atom, we have achieved a typical accuracy for the one-electron

contribution of %10�5 a.u. For the two-electron integrations we

have used two identical grids for each atom that were slightly

rotated to achieve better accuracy, as described in ref. 70. In this

manner we could obtain an acceptable accuracy for the two-elec-

tron contribution (%10�3 a.u.) using the same atomic grid.

The numerical evaluation of the coulomb term is obviously

the bottleneck of the calculation. Nevertheless, the computational

cost of the global hardness calculations, eqs. (19) and (22), is sim-

ilar to that for a single point energy calculation.

In this work, the Gaussian 03 package65 has been used to per-

form the geometry optimizations and to obtain "LUMO, "HOMO,

�ð~rÞ, �HOMOð~rÞ, and �LUMOð~rÞ at the B3LYP/6-311++G(2d,2p)

level of theory.71–73 In addition, all calculations of this work

were also carried out at the HF/6-31+G(d), B3LYP/6-31+G(d),

and HF/6-311++G(2d,2p) levels of theory, yielding qualitatively

the same results and tendencies.

Results and Discussion

All calculated hardness values reported in Tables1–3 and Figures 1–

3 have been obtained using eqs. (6) and (22), with Thomas–Fermi

and Dirac approximations for the kinetic and exchange energies in

the hardness kernel, respectively, and with �HOMOð~rÞ as an approxi-

mation of the Fukui function. Although other approximations of

the Fukui function have been tested, the corresponding values are

not included in the present work. When using �ð~rÞ=N as the sim-

plest approximation for the Fukui function [eq. (19)], characteris-

tic soft systems such as H2S and PH3 were predicted to be harder

than classical hard systems like H2O and NH3, showing the im-

portance of the use of an accurate Fukui function to obtain reli-

able results. According to the variational principle for determin-

ing the Fukui function and chemical hardness of Chattaraj

et al.,30 the best Fukui function will give the smallest (and best)

hardness values. The results obtained in this work show that

�½�ð~rÞ=N� always present higher values than �½�HOMOð~rÞ�, empha-

sizing the quality of the �½�HOMOð~rÞ� values.
The equivalents of eq. (22) using �LUMOð~rÞ and 1=2ð�HOMOð~rÞþ

�LUMOð~rÞÞ as approximations of the Fukui function have also been

used to calculate �½�LUMOð~rÞ� and �½1=2ð�HOMOð~rÞ þ �LUMOð~rÞÞ�
values. Even though the results obtained are pretty reasonable, par-

ticularly the �½1=2ð�HOMOð~rÞ þ �LUMOð~rÞÞ� ones, spurious values

have been obtained for some systems. This problem comes from the

fact that in the single-reference SCF procedure only the occupied

orbitals enter in the expression of the Fock operator and they are the

only orbitals really optimized. In addition, the GGA functional

sometimes produces unreliable and defective LUMO orbitals.76 In

particular, when using large basis sets, especially including diffuse

functions, it is possible to obtain spurious LUMO, resembling s type
orbitals, which leads to unphysical higher values of the global hard-

ness when determined from eq. (22). It is worth noting that these

spurious LUMOs have a large impact on the shape of the �LUMOð~rÞ,
however, this effect is less relevant in the "LUMO, where their val-

ues in most of the cases are close to zero, the anions being the

only exception. Thus, we have kept "LUMO in the calculations of

�2. In the following paragraphs, the discussion will only be based

on the results obtained for �2 and �½�HOMOð~rÞ�.
The evaluation of the global hardness from eq. (5) has not

been considered in this study as we are mainly interested in the

comparison between the hardness kernel and the traditional meth-

ods for computing hardness values, but using in both cases the

same level of theory and approximations. Then, since the hard-

ness of eq. (22) has been obtained with the information of a single

point calculation and using the unrelaxed approach for the Fukui

function, the reference approach in the traditional method to cal-

culate the hardness must be that of eq. (6) with the Koopmans’
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approximation. In addition, it is important to remark that the ex-

perimental hardnesses, �1
exp—usually, the experimental hardness

results show an arbitrary factor ½ in the definition of eq. (5),

which will be omitted in the present work—are obtained from eq.

(5) using the experimental vertical values of I and A,74 whose ex-
perimental determination in some cases is not trivial, e.g., the

electron affinity of anions. In these situations, the importance of

designing new methodologies to evaluate the hardness emerges,

in particular when the traditional methods [eqs. (5) and (6)] fail.

The experimental hardnesses, the hardness values obtained

with eqs. (6) and (22), and the three components (kinetic,

exchange-correlation, and coulombic) of the latter for 40 cations

and neutral systems are given in Table 1.

Figures 1 and 2 display a good correlation between �1
exp and

�½�HOMOð~r Þ� and �2 with r2 of 0.970 and 0.996, respectively.

When the cationic species and the HF and F2 molecules (vide
infra) are not included in the comparison, the correlations become

worse, although the general tendency is conserved, particularly in

the case of �½�HOMOð~rÞ� (r2 of 0.696). It is also interesting to look

at the evolution of the slope along the linear correlations of

Figures 1 and 2. For instance, the slope values for the correlations

of Figure 2 are 0.896 and 0.475, indicating that the experimental

Table 1. Calculated and Experimental Hardnesses for Cations and Neutral Molecules Studied in This Work.

Molecule �T ½�HOMOð~rÞ�a �X½�HOMOð~rÞ�a �J ½�HOMOð~rÞ�a �½�HOMOð~rÞ�a �2
b �1

exp c

Li+ 49.2 �4.3 44.7 89.7 57.0 70.2

Na+ 25.1 �2.0 33.9 56.9 32.0 42.2

K+ 7.2 �1.1 18.6 24.8 20.5 27.3

Be2+ 93.2 �5.9 61.8 149.1 115.7 135.7

Mg2+ 33.7 �2.4 39.5 70.9 51.8 65.1

Ca2+ 9.2 �1.2 21.1 29.1 30.4 39.0

B3+ 150.9 �7.5 78.8 222.2 194.5 221.4

Al3+ 43.5 �2.7 45.1 85.9 75.3 91.5

Ga3+ 22.4 �1.3 34.4 55.4 20.6 34.0

Ti2+ 7.2 �0.9 18.4 24.7 1.9 13.9

Ge2+ 2.7 �0.8 12.4 14.3 10.7 18.3

Sc3+ 11.4 �1.3 23.5 33.6 35.8 48.7

V3+ 10.4 �1.1 22.3 31.6 2.2 17.4

HF 12.7 �1.4 23.8 35.1 10.9 22.0

HCl 4.3 �0.8 14.2 17.6 8.5 16.0

H2O 9.1 �1.2 19.9 27.8 8.2 19.0

H2S 3.3 �0.8 12.4 15.0 6.8 12.4

NH3 6.5 �1.1 16.8 22.2 7.0 16.4

PH3 2.8 �0.7 11.4 13.4 7.3 12.0

AsH3 2.2 �0.6 10.4 12.1 7.2 12.2

CO 5.7 �1.2 15.9 20.4 9.4 15.8

CH3F 5.9 �0.7 14.8 20.0 9.5 18.8

CH3Cl 3.6 �0.7 12.8 15.7 7.8 15.0

CH3OH 6.4 �0.9 15.7 21.2 7.4 17.0

CH3OCH3 5.6 �0.7 14.3 19.2 7.0 16.0

CH3SCH3 2.8 �0.6 11.3 13.5 5.8 12.0

NH2CH3 5.3 �0.9 14.6 19.1 6.3 14.4

N(CH3)3 4.5 �0.7 12.8 16.6 5.7 12.6

C2H4 3.0 �0.7 12.2 14.5 7.4 12.4

BF3 5.0 �0.5 12.8 17.2 11.5 13.4d

BCl3 1.7 �0.3 8.1 9.5 6.8 11.2

F2 8.1 �0.9 17.8 25.1 7.1 12.6

Cl2 2.5 �0.5 10.5 12.6 4.7 9.2

CO2 5.3 �0.7 13.8 18.4 10.0 17.6

SO3 3.9 �0.5 11.3 14.7 6.6 11.0

SO2 3.4 �0.5 11.4 14.3 5.6 11.2

H2 7.6 �1.7 17.9 23.7 12.4 17.4

CS 4.7 �1.0 14.0 17.7 6.1 11.6

N2 5.3 �0.8 15.0 19.5 11.1 17.8

HCN 4.3 �0.8 14.5 18.0 9.9 16.0

All units are eV.
aHardness values calculated from eq. (22).
b�2 is obtained using eq. (6).
cFrom ref. 74.
dElectron affinity is obtained from ref. 75.
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values for the cations species are properly reproduced with �2,
although for the neutral systems (inner plot of the Fig. 2) a clear

underestimation is observed (slope value of 0.475). In contrast,

�½�HOMOð~rÞ� values are slightly overestimated for the neutral sys-

tems (slope value of 1.207, inner plot of Fig. 1), although an

improvement over the results obtained from the HOMO-LUMO

gap approach is clearly noticed, i.e., higher r2 value and the slope

and y-intercept becoming closer to 1.0 and 0.0, respectively.

When the cations and the HF and F2 molecules are taken into

account, the tendencies of the Figures 1 and 2 become very close.

Finally, the results displayed in the Figure 1 clearly indicate that

�½�HOMOð~rÞ� can be used as a good alternative to evaluate the

global hardness, not just to correlate but to reproduce the experi-

mental results.

The improvement of the �½�HOMOð~rÞ� results with respect to �2
hardnesses can be also appreciated from the values of Table 1.

For neutral molecules, �½�HOMOð~rÞ� shows two critical cases, HF

and F2, where the predicted �½�HOMOð~rÞ� values are 13.1 and 12.5

eV, respectively, larger than the experimental results. These incor-

rect performances are also present at the HF/6-31+G(d), HF/6-

Table 2. Calculated Hardnesses for the Anions Studied in This Work.

Molecule �T ½�HOMOð~rÞ�a �X½�HOMOð~rÞ�a �J ½�HOMOð~rÞ�a �½�HOMOð~rÞ�a �2
b

F� 11.1 �1.3 21.9 31.7 10.1

Cl� 3.7 �0.8 13.2 16.2 6.5

Br� 2.7 �0.6 11.6 13.7 5.3

OH� 7.5 �1.1 17.9 24.4 3.3

CH3O
� 6.0 �0.8 15.0 20.2 2.5

SH� 2.7 �0.7 11.3 13.3 3.8

CH3S
� 2.7 �0.6 11.0 13.0 2.8

NH2
� 4.7 �0.9 14.1 17.9 2.3

CH3NH
� 4.4 �0.8 13.2 16.8 1.5

CH3NCH3
� 3.8 �0.6 11.7 14.8 1.8

PH2
� 1.9 �0.6 9.3 10.6 2.9

NO3
� 4.0 �0.5 11.8 15.3 5.7

NO2
� 3.5 �0.5 12.0 15.0 5.0

CH3
� 3.1 �0.7 11.2 13.5 2.0

SiH3
� 1.8 �0.6 9.0 10.2 3.4

H� 3.3 �1.1 10.9 13.1 4.6

All units are eV.
aHardness values calculated from eq. (22).
b�2 is obtained using eq. (6).

Table 3. Hardness Classification of the Different Anionic Lewis Bases According to the Calculated Hardnesses

in Table 2 for the Different Methods Studieda.

�T ½�HOMOð~rÞ� j�X½�HOMOð~rÞ�j �J ½�HOMOð~rÞ� �½�HOMOð~rÞ� �2

F� F� F� F� F�

OH� OH� OH� OH� Cl�

CH3O
� H� CH3O

� CH3O
� NO3

�

NH2
� NH2

� NH2
� NH2

� Br�

CH3NH
� CH3O

� Cl� CH3NH
� NO2

�

NO3
� CH3NH

� CH3NH
� Cl� H�

CH3NCH3
� Cl� NO2

� NO3
� SH�

Cl� CH3
� NO3

� NO2
� SiH3

�

NO2
� SH� CH3NCH3

� CH3NCH3
� OH�

H� Br� Br� Br� PH2
�

CH3
� CH3NCH3

� SH� CH3
� CH3S

�

SH� CH3S
� CH3

� SH� CH3O
�

Br� SiH3
� CH3S

� H� NH2
�

CH3S
� PH2

� H� CH3S
� CH3

�

PH2
� NO2

� PH2
� PH2

� CH3NCH3
�

SiH3
� NO3

� SiH3
� SiH3

� CH3NH
�

aThe hardness decreases in going down through a column. The cells in dark grey correspond to hard molecules according to the

qualitative classification given by Pearson9 while those in light grey and white represent borderline and soft molecules, respectively.
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311++G(2d,2p), and B3LYP/6-31+G(d) levels of theory, and one

can conclude that the origin of this error must be in the approxima-

tions used in the hardness kernel and/or Fukui functions and, at

least for F2, to the need of a better treatment of electron correla-

tion.77–79 HF and F2 have not been included in the zoom of the neu-

tral species in Figures 1–3.

In addition to the study of the validity of �½�HOMOð~rÞ� as a mea-

sure of hardness, we were also interested in the analysis of the be-

havior and importance of its three components, namely, �T ½�HOMOð~rÞ�,
�X½�HOMOð~rÞ�, and �J ½�HOMOð~rÞ�. By inspection of Table 1, it is

clear that �J½�HOMOð~rÞ� represents in most cases the main contri-

bution to �½�HOMOð~rÞ�, although for some cations the kinetic con-

tribution can be as important as the coulombic term and for neu-

tral molecules the contribution of �T ½�HOMOð~rÞ� is smaller but not

negligible. For instance, although for neutral molecules the

�T ½�HOMOð~rÞ� contribution is smaller than 35% of the total, for

cationic species it can represent more than 50% (e.g., Li+ 54.9%,

Be2+ 62.5%, and B3+ 67.9%). In contrast, the contribution of

�X½�HOMOð~rÞ� is always smaller than 6.0% of the total, indicating

the minor effect of this term in the global hardness. Nevertheless,

its contribution in the ‘‘exact’’ Hohenberg–Kohn universal func-

tional case could be more important because of the simple

approximation used in our work to evaluate the exchange contri-

bution. It is important to remark that Liu et al.32 have arrived at

similar conclusions for the neutral atoms (Z ¼ 1 ? 54), i.e., cou-

lombic term is the major component of the hardness kernel and

the inclusion of the kinetic and exchange-correlation contribu-

tions does not provide significant improvements of the global

hardness. However, our results show that the kinetic contribution

for some systems can be as important as the coulombic term.

On the other hand, �T ½�HOMOð~rÞ� and �J ½�HOMOð~rÞ� also pres-

ent reasonable tendencies with respect to �1
exp for the neutral

species with r2 values of 0.661 and 0.682, respectively

(including HF and F2, r2 becomes 0.611 and 0.651, respec-

tively). It is important to remark that the �T ½�HOMOð~rÞ� contri-
bution is computationally much cheaper than the �J ½�HOMOð~rÞ�
and �½�HOMOð~rÞ� ones. Taking into account the reasonable corre-

lation of �T ½�HOMOð~rÞ� with �1
exp, we can suggest that

�T ½�HOMOð~rÞ�, although being generally a relatively small term in

�½�HOMOð~rÞ�, may become an interesting alternative for a fast

qualitative evaluation of the hardness. Furthermore, the impor-

tance of �T ½�HOMOð~rÞ� in �½�HOMOð~rÞ� is reflected in the linear ten-

dencies as can be seen in the graphics of Figures 1 and 3. Despite

of the fact that r2 is very similar for both correlations the intro-

duction of the kinetic and exchange contributions produces data

closer to the y ¼ x line and a slope and intercept becoming closer

to 1.0 (1.004 and 0.352 in Figs. 1 and 3, respectively) and 0.0 val-

ues (3.980 and 10.153 in Figs. 1 and 3, respectively), respec-

tively. In addition, the inner plots of the Figures 1 and 2 display

similar features.

Table 1 shows that a hard molecule presents high values of

�J ½�HOMOð~rÞ� and �T ½�HOMOð~rÞ�, increasing the global value of

�½�HOMOð~rÞ�. The respective �X½�HOMOð~rÞ� values are also larger

for hard molecules but negative. Hence, the effect of

�X½�HOMOð~rÞ� is always to reduce the global hardness value.

Figure 2. Correlation between the experimental hardness and the

global hardness calculated from eq. (6) for the cations and neutral

molecules studied in this work. The correlation for the neutral mole-

cules, except F2 and HF, is also given (inner plot). All values are

given in eV.

Figure 1. Correlation between the experimental hardness and the

global hardness calculated from eq. (22) for the cations and neutral mol-

ecules studied in this work. The correlation for the neutral molecules,

except F2 and HF, is also given (inner plot). All values are given in eV.
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On the basis of the expected chemical behavior of atomic hard-

nesses through the periodic table,9,80,81 one can expect the following

trends

iÞ �ðHFÞ > �ðHClÞ
iiÞ �ðH2OÞ > �ðH2SÞ
iiiÞ �ðNH3Þ > �ðPH3Þ > �ðAsH3Þ
ivÞ �ðHFÞ > �ðH2OÞ > �ðNH3Þ
vÞ �ðHClÞ > �ðH2SÞ > �ðPH3Þ
viÞ �ðLiþÞ > �ðNaþÞ > �ðKþÞ
viiÞ �ðBe2þÞ > �ðMg2þÞ > �ðCa2þÞ
viiiÞ �ðB3þÞ > �ðAl3þÞ > �ðGa3þÞ
ixÞ �ðB3þÞ > �ðBe2þÞ > �ðLiþÞ
xÞ �ðAl3þÞ > �ðMg2þÞ > �ðNaþÞ
xiÞ �ðF2Þ > �ðCl2Þ:

(26)

These 11 relationships are followed by �T ½�HOMOð~rÞ�,
j�X½�HOMOð~rÞ�j, �J ½�HOMOð~rÞ�, �½�HOMOð~rÞ�, and �2, with the

exceptions of �(NH3) > �(PH3) for �2 and �(H2S) > �(PH3) for

�J ½�HOMOð~rÞ� and �2 (see Table 1). It is worth noting that the ex-

perimental value of the hardness for PH3 is 0.2 eV smaller than

for AsH3, contrary to the chemical intuition. This is in agreement

with previous calculations reported by Chattaraj et al.82,83 In

addition, Giju et al.80 recently presented a similar situation in the

theoretical and experimental hardness sequence for the isolated

atoms of the neighboring group IV elements (C > Pb > Si > Ge >

Sn), which is opposed to the trends of decreasing hardness when

going down in the Periodic Table.

Another interesting effect to consider is that the electron-

donating character (+I) of the alkyl substituents makes the oxygen

atom of methanol richer in electrons than the oxygen atom of

water. Thus, the oxygen atom of methanol will more easily trans-

fer its electrons (small ionization potential), and as a conse-

quence, methanol should be softer than water. Consequently, one

can expect the following trends, which are supported by experi-

mental results9

iÞ �ðHFÞ > �ðCH3FÞ
iiÞ �ðH2OÞ > �ðCH3OHÞ > �ðCH3OCH3Þ
iiiÞ �ðHClÞ > �ðCH3ClÞ
ivÞ �ðH2SÞ > �ðCH3SCH3Þ
vÞ �ðNH3Þ > �ðNH2CH3Þ > �ðNðCH3Þ3Þ:

(27)

All methods used in Table 1 fulfill the relations given by eq.

(27), showing the capability of these methodologies to quantify

the electron-donating effect in the hardness.

The ethylene molecule (a soft Lewis Base with �1
exp of 12.4

eV)74 represents an interesting test to evaluate the efficiency of

the different hardness methodologies. For instance, �2 yields a

hardness for ethene higher than (or similar to) typical hard sys-

tems (e.g. NH3, NH2CH3, and CH3OCH3). In contrast,

�½�HOMOð~rÞ� correctly predicts C2H4 as a soft Lewis base and just

deviates by 2.1 eV from the experimental value. Other appealing

tests are the SO3 and SO2 molecules, because their experimental

hardness values are very similar (11.0 and 11.2 eV,74 respec-

tively). While �2 yields a difference of 1.0 eV between the two

systems, �½�HOMOð~rÞ� predicts a difference less than 0.4 eV.

Finally, it is interesting to note that the hardness of some of the

40 neutral molecules and cations had been previously studied by

some of us.37,38 We obtained similar estimations as in the present

work even though the approximations applied for the hardness ker-

nel and Fukui functions were different. While more simplified hard-

ness kernels (ð1=k~r �~r 0k and �ð~r �~r 0Þ) were taken into account,

the approximated Fukui functions were, in principle, of ‘‘better’’

quality (f�ð~rÞ ffi �Nð~rÞ � �N�1ð~rÞ). This suggests that a methodol-

ogy that includes both the kinetic and exchange-correlation con-

tribution and the finite difference Fukui functions will likely pro-

vide better results than those of our previous and present works.

The difference between the calculations of our previous

works37,38 and the present ones lies in the way to evaluate the

integrals of eqs. (14) and (15). While the integrals required in the

former could be analytically calculated with the MESSEM pro-

gram,84,85 most of the integrals required in eqs. (19) and (22)

must be evaluated numerically. In addition, our present imple-

mentation of eqs. (19) and (22) is currently restricted to closed-

shell wavefunctions. Since the finite difference approximation

(f�ð~rÞ ffi �Nð~rÞ � �N�1ð~rÞ) involves the density of an open-shell

species, we have been compelled to use �HOMOð~rÞ as approxima-

tion for the Fukui function. Additional work on the improvement

of the Fukui functions and the kinetic and exchange-correlation

contributions is presently in progress in our laboratory.

Table 2 presents the results for 16 anions for the different

methodologies studied. From an experimental point of view it is

very difficult to evaluate their electron affinity and hardness

because of the instability of these systems when an extra electron

Figure 3. Correlation between the experimental hardness and the

electron–electron coulombic contribution to the global hardness cal-

culated from eq. (22) for the cations and neutral molecules studied in

this work. The correlation for the neutral molecules, except F2 and

HF, is also given (inner plot). All values are given in eV.
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is added. In these systems, the absolute value of the electron af-

finity can be larger than that of the ionization potential as

expected for a molecule that has already an excess of electrons.

Similarly to the tendencies of eq. (26), one can expect the follow-

ing sequences that reflect the patterns of atomic polarizabilities

and hardnesses through the periodic table

iÞ �ðF�Þ > �ðCl�Þ > �ðBr�Þ
iiÞ �ðOH�Þ > �ðSH�Þ
iiiÞ �ðNH�

2 Þ > �ðPH�
2 Þ

ivÞ �ðF�Þ > �ðOH�Þ > �ðNH�
2 Þ > �ðCH�

3 Þ
vÞ �ðCl�Þ > �ðSH�Þ
viÞ �ðPH�

2 Þ > �ðSiH�
3 Þ

viiÞ �ðCH�
3 Þ > �ðSiH�

3 Þ:

(28)

These seven relationships are only fulfilled by �T ½�HOMOð~rÞ�,
while j�X½�HOMOð~rÞ�j, �J ½�HOMOð~rÞ�, and �½�HOMOð~rÞ� fail in the vi
case. In contrast, �2 correctly predicts only three of them, indicat-

ing the bad behavior of the HOMO-LUMO gap as chemical hard-

ness indicator for anionic systems.

On the other hand, the substitution of a hydrogen atom by an

alkyl group produces an electron-withdrawing effect (�I), which

leads to the delocalization of the electronic density of the central

atom into the alkyl group.37,86 Then, the alkyl group generates a

softer system with a more polarizable electronic cloud. Conse-

quently, one can expect the following additional trends

iÞ �ðOH�Þ > �ðCH3O
�Þ

iiÞ �ðSH�Þ > �ðCH3S
�Þ

iiiÞ �ðNH�
2 Þ > �ðCH3NH

�Þ > �ðCH3NCH
�
3 Þ:

(29)

Again, all methods of Table 2 satisfy these relationships

except for �2, which predicts �(CH3NCH3
�) > �(CH3NH

�).
All these relationships for anionic species have been summar-

ized in Table 3, which contains the hardness classification of

these anions for the different methodologies used. Dark grey cells

represent hard systems according to the qualitative classification

of Lewis acids and bases put forward by Pearson,9 while grey and

white cells represent borderline and soft species, respectively.

The failure of �2 is obvious. For instance, classical soft systems

like H� and SH� are predicted harder than classical hard systems

like OH� and NH2
�. In contrast, the results obtained with

�T ½�HOMOð~rÞ�, �J ½�HOMOð~rÞ�, and �½�HOMOð~rÞ� almost completely

reproduce Pearson’s qualitative ordering.9 In fact, the only impor-

tant failure of �½�HOMOð~rÞ� is the slight overestimation of the

NO2
� hardness with respect to CH3NCH3

�.
Finally, it is worth noting that the same set of anionic mole-

cules were considered in a similar study of some of us where

�ð~r �~r 0Þ and f�ð~rÞ ffi �Nð~rÞ � �N�1ð~rÞ were used as hardness

kernel and Fukui function, respectively.37 In that case, the quali-

tative ordering of Pearson was perfectly reproduced. Therefore,

one can conclude that the quality of the Fukui function seems to

be more important than the quality of the hardness kernel itself in

the evaluation of global hardness, at least as far as the anionic

species is concerned.

Conclusions

In this work we have evaluated for the first time the global hard-

ness for polyatomic molecules by proper numerical integration of

a hardness kernel using �HOMOð~rÞ as approximation for the Fukui

function and the Thomas–Fermi and Dirac models as approxima-

tions of the kinetic and exchange contributions to the kernel. This

methodology has been applied to 40 cations and neutral systems

and 16 anions, giving in most cases an improvement of the results

obtained using the HOMO-LUMO gap approach for the hardness

calculation, especially in the case of the anionic species. We have

shown that for neutral systems the coulombic term is the main con-

tribution (more of the 65%) of the global hardness obtained from

the hardness kernel although the kinetic contribution must be

included too so as to obtain accurate hardness values. In contrast,

for some cationic species the kinetic term of the hardness kernel

can become the larger contribution to the global hardness. Also,

this work shows that the quality of the Fukui function becomes

crucial so as to obtain reliable hardness values. Additional work on

the improvement of the present methodology and the determina-

tion of fragment or atomic contributions by local integration of the

hardness kernel are in progress in our laboratory.
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